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A Dynamical Systems Approach
to Damage Evolution Tracking,
Part 1: Description and
Experimental Application

In this two-part paper we present a novel method for tracking a slowly evolving hidden
damage process responsible for nonstationarity in a fast dynamical system. The develop-
ment of the method and its application to an electromechanical experiment is the core of
Part 1. In Part 2, a mathematical model of the experimental system is developed and used
to validate the experimental results. In addition, an analytical connection is established
between the tracking method and the physics of the system based on the idea of averaging
and the slow flow equations for the hidden process. The tracking method developed in this
study uses a nonlinear, two-time-scale modeling strategy based on the delay reconstruc-
tion of a system’s phase space. The method treats damage-induced nonstationarity as
evolving in a hierarchical dynamical system containing a fast, directly observable sub-
system coupled to a slow, hidden subsystem. The utility of the method is demonstrated by

tracking battery discharge in a vibrating beam system with a battery-powered electro-
magnetic restoring force. Applications to systems with evolving material damage are also
discussed.[DOI: 10.1115/1.1456908

formulation of the method means that it can in principle be ap-
lied to a wide variety of “damage” processes, to some degree
1dependent of damage physics.

In the next section, a literature review is presented and used to
ame a discussion of fundamental ideas underlying our approach.
X . ®fhe tracking procedure based on phase space reconstruction is
tal system, and make an anallytlcal connection between the eXPRHveloped in Section 2. In Section 3 we apply the method to
mental method and the physics of the problem. tracking a battery discharge process in an electromechanical ex-

The idea oftime scale separatignwhere a hidden process re-pqrimental system using only strain gauge vibration data. In Sec-
sponsible for nonstationarity in a fast dynamical system evolvgén 4, we discuss the experimental results and compare our

on a much slower time scale than the directly observable dynagjathod to those based on attractor invariants. Finally, in Section 5
ics, is fundamental to this approach. A study of systems with thjg, present our conclusions.

type of time scale separation is precisely what is required for the
development of next-generation condition-based maintenance and
failure prediction technology. For example, a collection of microz
cracks in a spinning shaft can be expected to grow slowly ovér Background

many hundreds of thousands of typical vibrational time periods The main body of previous work relating to the effort presented
(e.g., shaft revolutions The approach developed in this paper ifiere stems from studies relating to the development of condition
not limited to material damage applications, but can be used fobased maintenance technologies, such as Fault Detection and
general class of dynamical systems possessing the needed tidestification(FDI) theory. We should mention that most previous
scale separation. Possible applications include: the drifting out fgfsearch, excluding studies dealing with fault severity assessment,
alignment of machinery parts, corrosion processes in structubve concentrated on detection of irregularities in the observable
components, moisture accumulation in composite materials @stem. While theletectionprocess estimates whether or not the

electrical circuits, as well as cases involving material damage 8¥stem parameters or “fault indicators” have reached certain pre-
various types. set failure values, th&racking process as studied here, estimates

In most cases, online real-time health monitoring and failur@ real-time the change in the slow state variables causing nonsta-
prediction for such systems requires assessment of the currfépRarity, a requirement for true prognostics. '
state of damage in the system using only readily available vibra- The main idea behind FDI is to develop a procedure for obtain-
tion data: typically, a direct “damage sensor” is either not availlg feature vectors that are sensitive to the changes or failures in
able, or requires the removal from servita even destructive SYStems. There are several strategies for tackling this type of prob-
testing of the machine in question. In many cases, even if a direl@m (See, for example[,1,2], for comparative studi¢sOne basic
means of damage detection were available, it is not possible@BProach is to use available signal processing techniques to de-
add the required sensors because of cost or weight consideratidf§ioP @ feature vector. We call these techniques heuristic, since
The approach presented here is designed to address these diffifd@Y &€ not based on specific physics or analytical treatment of
ties by using only readily available vibration data to track thd'€ Problem. The early research was mainly concentrated on de-

slowly evolving failure process. At the same time, the abstraEﬁCting changes in systems using tim.e or frequenpy domain statis-
y 9 P tics (e.g.,[3,4]). Later research considered techniques that carry

Contributed by the Technical Committee on Vibrational and Sound for publicatiotr)Pth frequenCy.and tlme O!Oma'”. information, such as wavelet
in the JDURNAL OF VIBRATION AND ACOUSTICS Manuscript received July 2001; transforms or Wigner-Ville distribution$—9]. Other methods use

Revised Dec. 2001. Associate Editor M. I. Friswell. such data classification schemes as principal component analysis,

1 Introduction

In this first part of a two-part paper, we develop and experime
tally apply a method for tracking “slow” hidden variables causing
drift in the parameters of a “fast” dynamical system. In part twg,
of the paper, we develop a mathematical model of the experim
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neural networks or fuzzy logi¢see, for examplg,7,10]). For a encesystem state. At future times, the difference between the
study exploiting well-known characteristics of chaotic time seriemctual dynamics and the dynamics predicted by ikerence
for detecting changes in a parameter, EEH. mode] over a fixed short time interval, is used to quantify the
The advantage of heuristic methods are that they are simplestow drift in the fast dynamics.
implement and that they can work very well at times. However, a
choice of feature vector that works well for one system may not
work well for another, and there is no theoretical basis for prey -
dicting a priori, without the benefit of a good model or experie-g Tracking Procedure
ment, whether a certain choice of feature vector will work well or The essential idea for the tracking method may be motivated as
not. In addition, it is usually difficult to find a functional relationfollows. Consider a dynamical system, E¢g), with a fixed hid-
between the changes in system parameters and the change@ein state vecto (i.e., for e=0). Now, imagine that the system
feature vectors. starts at some initial poirtt; and x(tg) =X, in the fast system’s
Another, model-based approach to FDI provides several theghase space. Then, at timgrt, the state of the fast subsystem is
retical and practical advantages over simpler heuristic methods, _ .
typically at the expense of more time, effort or computation. For X(to 1) =X(Xo,to o (). @)
example, model-based approaches are fully general in thawe fix ty and Xo, then X is purely a function ofu(¢) that
changes in any numbers of parameters can be detected, at leasgestribes a&parameter surface iH".
principle, to the extent that the system’s dynamics is affected byNow, imagine several experiments where the subsy<tem
these parameter changes. In addition, if understanding of the sya} is repeatedly started at the same initial poigt o) in the fast
tem or its damage mechanisms improves, the model can still fgbsystem’s phase space, but with slightly different valueg of
used to address more subtle or sophisticated questions. every time. In principleX(u(¢)) can be evaluated for eveip,
There is an extensive literature covering model-based FDI fand given appropriate invertabilitior, equivalently in this case,
linear dynamical systemee, e.g.[12—14)). A good survey of observability conditions, one can construct mappings
the state of the art of nonlinear diagnostic observer design for FRIX ~1(x):R"—R® or ¢=X *(x):R"—R™ required for true
is given in[15]. A basic overview of the different approaches fokracking. Therefore, if the functioX(u(¢)) can be determined
fault diagnosis is given in16]. The important advantage of theexperimentally, it can be used to determine changgs(ih) or in
model based approach is that in many cases the changes in fea@lfisrovided the observability conditions are satisfied.
vectors can be related to changes in system parameters. Howeveow, let us consider the case o£0. For 0<e<1, ¢ cannot be
to accomplish this, these methods require an explicit analytiqaéated as a parameter and, in this case, the complete state of the
model of the systerfi.e., a known relationship between input andsystem Eqs(1) is the direct productx, ¢). We are interested in
outpud. Unfortunately, in many cases the system’s analyticalacking changes in the slow variabfecharacterized by its aver-
model is unknown, or is hard to determine due to its complexityge value over alle ty , wheretp is the intermediate time inter-
or inherently nonlinear behavior. val and t,<tp<lle. For any toetp we can write ¢p= ¢
To overcome the problem of nonlinear analytical modeling im+ ©(€). Now, the state of the fast subsystem can be written as
posed by methods based on the availability of physical modefsllows:
many recent papers model nonlinear systems using genetic algo-

rithms [17], or neural network§10,18—20. In this way it is pos- X(tot1p;€)=X(Xo, () 10, tp),
sible to obtain a data-based model without determining one global =X(Xn tn T +
physics-based nonlinear model. However, one loses the main ad- (X0 oty il o)) + OCe),
vantage of global physics-based analytical models: the possibility X Ip
to correlate faults or changes in model parameters with the feature =X(Xo.totp i m(Pr)) + = = (o~ Pr)
vectors. pad
The method presented in this paper overcomes the main limi- +O(| po— drl*) + O(e), 3

from an abstract formulation of the problem in state space. Froffic'e O the thlrdhllne ‘?’e have T6|Iy|0I’ ?anndled the _e>g|)resf5|on
the perspective of dynamical systems theory, we view a machifigo!" ‘I’F;_ H(1r) ’t't ej? ert_arr;]ce V? u?. Odt e slow Vg{'a e, for
with evolving damage as a hierarchical dynamical system consi§9—:¢ne re erelpce f'm%._ Rt ”en, or fixedxo, ¢g, andt,, we

ing of a “fast time,” directly observable, subsystem coupled to efine atracking functionas follows:

tations of both heuristic and model-based methods by starti\r‘lg1

“slow time” subsystem, with the form e=X(Xg, (o) to,ty) — X(Xo, m( PRr) 1o, 1),
x=f(X, 1), 1 X d
S e (o= )+ Ol )00, (&)

d=eg(X, 1), (1b) - o :
where the coefficient matrices in the Taylor expansion are evalu-

where xe R" is the fast dynamic variablédirectly observable ated atx=Xo, and ¢= ¢r. N o
statd; ¢pe R™ is the slow dynamic variabl¢hidden” state); the ~ Now, itiis clear that the observablllty_condltlon is that t_he ma-
parameter vectome RS is a function ofg; t is time; and Gce<<1 X (9X/dp)(dp/d) must have maximal rank. That is, we
defines the time scale separation between the fast dynamics §Rguld haven>s>m, in addition to Range {X/du)CR" and
slow drift. If e were exactly zero, thep(¢o)=mo would be a Range ¢u/d¢) C R® having dimensions andm, respectively.
constant vector of parameters in Efjg); sinceeis very small, we ~ Assuming that the linear operator in the fist term of the Taylor
might consider Eq(1a) to be a model for a system with slowly €xpansion Eq(4) has maximal rank, we expect the output of the
drifting parameters. tracking function to be an affine transformation of the drifting
We assume that over intermediate time scéfieses which are variable(linear observability:
long compared to the fast dynamics but short compared to drift _
dynamics the drift in the slow variable is negligible, and consider e=Cxo:to,tp) ot X0 Lo, tp 1), ©)
the fast subsystem to be approximately stationdquasi- where, C= (dx/dp)(dp/d¢) is an nXm matrix, and c=
stationary. In the experimental procedure, the phase space of the(dX/du) (dul i) Ppr+ O(|| do— Prl|?) + O(€) is annx 1 vec-
fast subsystem Edla) is reconstructed using data recorded oveor; all terms are evaluated using= Xy and ¢p= ¢z . We remark
intermediate time scales. Nonlinear predictive models are th#rat even when linear observability fails, higher order observabil-
estimated in the reconstructed phase space for the initi@fer- ity may in many cases be possible.
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In an experimental context, however, the procedure illustratéanction of the fast variables of the system K@), sampled at
above is prone to errors. It is usually impossible to repeatedly staqual time intervals. Using delay reconstructj@8,24] the scalar
the system from the same initial condition. Furthermore, the olime series{x(n)}™_, is used to reconstruct a phase space of
servability conditions clearly depend ag, to, andt,, and so we appropriate dimensiorfsay, d) for the system. In this recon-
might attempt to somehow use many valuegpénd/ort, and/or  structed phase space the scalar time series is converted to a series
t, to deal with this repeatability problem as well as to increase tf@_ﬂ vectors  y'(n)=(x(n),x(n+7),...x(n+(d—1)7)) e RY,
robustness of the method. Such an approach, where the behavigigre 7 is a suitability delay parameter. Embedding parameters
of two systems are compared for many different values of startig@dd are determined using the first minimum of the average mu-
times, initial conditions and observation times, is philosophicallyjal information[25] and false nearest neighbdr26] methods,
similar to a model-based approach to tracking. respectively.

The best way to examine the tracking functierover many The reconstructed state vectors are governed by an as yet un-
different values ok, and/ort, and/ort, depends on the system.determined map of the form(n-+1)=P(y(n); ¢). The observa-
For example, in linear autonomous systems, a quantity commonign periodt, discussed earlier now corresponds to picking an
used to track changes in system parameters is a suitable frequean@gerk. We examine the&" iterate of the mapp, i.e.,
response functioifFRF). Since the FRF is equivalent to the re- «
sponse of the system to a unit impulsive input, in such an ap- y(n+k)=P(y(n); ). (€)

proach one essentially fixes, and examines the response for \orking in the global reconstructed phase space of the dynami-
many (in fact, all values oft,. In contrast, if for example, the ca| system, local models which show how neighborhoods about
system is chaotic in its reference sté@d hence nonlinearthen  each data point are mapped forward in time can be estimated. The
averaging over many values @f is easily possible simply by simplest such model is cal linear model relating the state at
following the fast system’s trajectory as it explores the phasgne n, y(n) to the statey(n+k) at timen+k:

space. This is essentially the approach followed here, as discussed .

in greater detail in Section 3.2. y(n+Kk)=Any(n)+a,=Byy(n), (7

To actually calculate the tracking functienwe need to known \yhere the model parameter maty, and a parameter vectay,

how thte fe}st sufbsystem e\|’|°|Vef] ovetrhthe tllome Lnteryﬁ;)rhthe provide local approximations ¢, and are determined by regres-
current value oféh, as well as how the subsystewould have  gjon ¢ each point in the data set, and where

evolved for the reference value @bg, both evolving from the
same initial conditiorx,. Since the system’s fast time behavior for y(n)=[y"(n),1]", and B,=[Aj|a,]=[bp,]. (8)
the current hidden subsystem state characterizedgg directly . )

measurabldi.e., we can reconstruct the fast dynamics using a Basing our model o nearest neighbors/{(1), r=1...N) of
sensor measurement from the fast systetime strategy used in the point of |nteregs‘_[3((_l)_) we can determine the optimum model
this paper is to compare it to the predictions aBerence model Parameters by minimizing

describing the fast subsystem behavior o+ ¢+ O(€). N
2_
3.1 Reference Model Construction. The reference model :“k_zl w(D]y'(1+k) =By (D]?
should predict how the fast subsystem evolves starting from any
point Xq in the reference phase space. Since the fast subsystem is N d d+1 2
nonstationary over long time scales O(1/e), it might undergo =S WD | yid+k—> bl g,
r=1 n=1 m=1

many bifurcations in its behavior over the course of any given
experiment. Hen(_:e, thga region of the phase space over which \t/t/ﬁere w(l) is some weighting function. MinimizingLﬁ with
reference model is valid should be large enough to encompass al | L :
expected orbits of the fast subsystem. respect to each, (I is fixed we obtain
One way to construct a reference model valid over a given N N d+1
portion of phase space is to repeatedly start the reference sub- E wf(l)yr(|+k)§/’(|)=2 w'(I)E b EOOC)
system from randomly generated initial conditions that adequately =1 P o mop Pmemoa
cover the region of interesge.g., by stochastic interrogation, as in, .
[21,22). However, we do not consider this approach here. Bl>'7 is then easy to show that
design, thg system co_nsidered in this paper is ghaoti_c in its refer- BI:YHk(WYAI)T(Ql(WYAI)T)fl‘ (10)
ence state: since, as is well known, chaotic trajectories explore a
fairly large region of phase space, they automatically providevehere
convenient source of data for nonlinear state space modeling. We 12 N
emphasize, however, that this use of chaos to obtain the recon- Y=Ly (y*h ... y*(hl, (11a)
structed r_eference phase space for mode_ling shc_)uld t_)e \_/iewed as W\}I:[W|(|)§,1(|)Wz(|)9z(|) LwNOYNDT], (1)
an experimental and theoretical convenience: in principle, the
same trz_icking pro_cedure described in the foII(_)yving s_ections could \?l =[y (YA ... YND]. (11c)
be applied to arbitrary global system behavi¢irgluding mul-
tiple coexisting periodic orbits and random excitajiodowever, 3.2 Tracking Function and Tracking Metric Estimation.
this would be accompanied by an increase in the difficulty anthe basic ideas are shown schematically in Fig. 1. First, a large
complexity of the data acquisition task. reference data set is collected and used to reconstruct the refer-
We assume that the effective dimensionality of the sygieany ence phase spaceeference trajectories are shown in graghen,
the minimum number of active degrees of freedom needed aosufficiently large number of initial pointg(l) (I1=1,2,...) is
represent the dynamicdoes not increase during the entire time obbtained, together with the corresponding points aKesteps,
observation. We also assume that the phase space trajectoriesylb+ k), for the “changed” system. Thal points in the reference
served for all future system conditions stay predominantly withiget that are nearest neighbors of each pg(h} are looked up,
the region for which the reference model is valid. The basic foralong with the correspondiny reference data pointssteps later.
of the tracking procedure described here will fail if the change iBased on these points we build the reference model for each point
the slow subsystem causes the observed dynamics to shift ouy@f) as described in the previous section. In the reference system
this reference domain. In such cases, the reference model wollld same initial pointy(l) would have been mapped to points
need to be established afresh for adequate tracking. yR(1+K). Since we have an imperfect reference model, it actually
We measure a scalar time series corresponding to $8fme maps these same points to some other paiMd +k).
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than the points with less accurate fits. Note that the smaller the
region in which theN nearest neighboring points lie, the more
e Y accurate the fitted linear map is expected to be. This would be
RI+ky—— equivalent to saying that local models are more accurate for the
—————— e k\'k region that have a higher probability density of data points in the
reference phase space. Therefore, a good choice for the weighting
would beq(l)=f(l), wheref(l) is the reference data probability
density near/(l). Thus the weighting used in the tracking metric
is,

—\

Fig. 1 Schematic drawing illustrating the basic idea behind
tracking function estimation. Trajectories of the reference sys-
tem in phase space are shown in gray. The solid black line

1
ah= - (15)
|

Here,r, is the distance from the poig(l) to the farthest of alN
nearest neighbors artj, is the estimategointwise dimensioonf

represents a measured trajectory of the perturbed system, the data in the reference phase spesee[27], pg. 86. The fact
passing through y (/) and the dashed gray line represents that the expected value of this weighting is proportional to the
where a trajectory would have gone in the reference system, if density of reference data points follows directly from the defini-
starting from the same pointy (/). tion of d, .

Note that the above choice fai(l) means that points on the
currenttrajectory that lie in a region of the reconstructed reference

We introduce the following “error” vectorsfor clarity, the de- phase space where neferencedata is available are weighted

pendence of th&'s on | is suppressed in the figure very lightly during thee, calculation. Therefore, if we have large
R data sets and most of the changed trajectory lies inside the recon-
ER(D:=y(l+k) —yR(I+k), the true error, (18 structed reference phase space we can still accurately estimate

even though a few of the points on the current trajectory are
outside of the region in the original phase space occupied by the
M1y — M R ; reference data.

B D=y k) =yl +k)  the modeling error. (13 The weighted average described by Ed€) and(15) compen-
The tracking functior(Eg. (4)) for initial point y(I) in the recon- sates for model accuracy fluctuations from point to peithin
structed phase space can then be written as each data record. However, the statigtimcking metri¢ of Eq.

K ok Ry M (14) will still typically fluctuate fromrecord to recordbecause of
&) =P(y(1), o) = PA(y(1), =) = B (1) = Bi(D) + O(B( )i3 fluctuations in the population of initial conditions used to generate
(13) e¢. This is compensated for by taking a moving average of the
Note thate(l) is equal to the true error vectEr‘,f(I), but since we tracking metricg,, over many data records: it is most convenient
cannot determine it directly, we use the estimated error vectiordiscuss the details of this step by examining the effect on actual
E.(1) in its place. In general, this is justified if the modeling erroexperimental data, which we do in the next section.
EM(1) is small compared to the true errBf(l). If there is more than one drifting parameter, then a more so-

Consideration of Eq.13) shows that there are two mainphisticated use of the tracking functiep will be needed. Obvi-
sources of fluctuation in the empirical tracking function that ar@usly, the scalar tracker would not be enough to unambiguously
not related to changes imp. First, and most obviously, the describe several drifting slow state variables simultaneously.

(’)(E{l"(l)) term corresponds to fluctuations caused by changeshwwever' we show Iater_that the single scalar measure_descr_ibed
the model accuracy from point to point. Second, EtR) was here does a reasonable job of resolving small changes in a single

derived holding the initial poini, in the reconstructed phased'ifting state variable.

spacefixed (as indicated by the indel: however, as shown by

Eq. (5), the mapping relating changes ¢hto changes ire will in

fon by Using suitable averages, as described below. This approcgh, = Pefimental Application

has tf?e add%d benefit of us?ng all of the data available witr?iﬁ oﬁéhan Electromechanical System

data record. We now apply the tracking procedure to an electromechanical
Using the local linear models, from a scalar time series copystem in the laborator§see Fig. 2 for a schematic diagrafihe

lected experimentally for the slightly changed system, the errpendulum-type oscillator consists of a flexible steel beam with

vector E (1) of Eqg. (12) can be calculated for a large number ofdditional stiffening elements added to constrain the system to one

points that lie on the trajectory of the changed system. Thendegree of freedom over the frequency range of intereS0 Hz).

single scalar measure for the drift, tnacking metri¢ can be This system is a modification of the magneto-elastic oscillator of

obtained from the set of all values of the estimated tracking fun28], as studied 121,22 and[29]. Extra stiffness to the system is

tion evaluated for alkyety. Specifically, we consider the rootadded in the form of steel bafgach 192.1 mm5.2 mmix12.8

Ex(D):=y(l+k)—yM(I+k), the estimated error, (b2

mean squaréRMS) magnitude ofg, as defined by: mm) along the length of the thin steel bed@09.6 mmx0.7 mm
M ) x12.8 mm. The steel bars are attached to each side of the thin
e2=(gle)~ 224D [ED] (14) steel beam, away from the clamped end, using bolts. The top of
k= (% E,""Zlq(l) ' the beam is left clear to act as a hinge, and also has an attached

. . strain gauge, allowing the beam’s position to be determined.
where ( T> denotes a weighted average over differeg(Vt, The nonlinear potential at the beam tip is realized using a per-
etp), a denotes the transpose af andq(l) is an appropriate manent magnet for one well and permanent/electromagnet stack
weighting function. ) . for the other. The oscillator is mounted on an electro-mechanical

As mentioned earlier, the use Bf(1) as an estimate &(1) is  ghaker, which provides a harmonic displacement excitation to the
justified only if the modeling erroEy'(1) is small compared to the system. The signal from the strain gauge is amplified, digitized
true errorEkR(I). Hence, the weighting functiog(l) is selected so (using a 12-bit A/D convert¢rand stored in a computer along
that the points with more accurate local fits are weighted movéth the signal from the coil of the electromagnet. The electro-
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Shaker

simple as the power spectra suggest. First of all, since the system
is not stationary, it cannot strictly speaking be considered chaotic

) at any time, since it is never truly at steady state. More impor-
\ Strain Gauge tantly however, even if one considers the system to be approxi-
Data mately stationary in any one data recdas we dg, numerous
Acquisition bifurcations through windows of periodic behavior were observed
Function Battery over the range of stiffness traversed by the system as the battery
Generator < dischargedsee Fig. 3, right
Voltage | | Average mutual information and false nearest neighbors were
Divider used to select a delayof five sampling time steps, and an em-
Permanent Magnet bedding dimensio=5. We remark that this embedding dimen-
Permanent/Electromagnet Stack \ sion is consistent with a forced, single degree-of-freedom system.
The first 2 data points of the entire data set were used for the
Fig. 2 Schematic diagram of the experiment with the two-well reference data. After phase space reconstruction, the reference
electromechanical oscillator data was partitioned in ke-d tree[30] for fast local linear model

construction. The average point-wise dimension of the reference
data set was found to be 2.82, and 16 nearest neighbors were used

magnetic modification to the standard realization of the nonlinef@" local linear modeling. _
potential was chosen since it allowed us to introduce a controlledFor the tracking metric we pickees due to the fact that=5.
drift process in one of the energy wells. Given the gnlform embeddl_ng used here, new information is

Power to the electromagnet was supplied by a 9 V batte%?jded only in the last coordinate for points in the reconstructed
which was allowed to discharge completely during each expefiPace that aretime units apartthe other coordinates simply shift
ment. The open circuit battery voltage played the role of a hiddé® the lefy. This means that the short-time prediction is much
drift state variable. To determine the effect of the battery on tHmpler since only one component of the next state needs to be
basic mechanical properties of the system, natural frequencieseffimated at each step.
the potential energy wells were determined from frequency re-We used data records eachMf=2'2 points to calculates. In
sponse function estimates. The natural frequency in the permangaifticular, the entire reconstructed data set was divided into con-
magnet well was 7.450.04 Hz, and in the permanent/Secutive records of sizel, and within each record we calculated
electromagnet well it changed from 8:88.04 Hz to 8.56-0.04 €5 (from Eq. 19 using allM data points. Thems, and the stan-
Hz as the battery completely discharged. This observed 3.05 paéard deviation in its estimate, was calculated using a moving av-
cent change in the frequency corresponds approximately to &®ge of the values @& determined fronNg consecutiveM-point
percent change in effective stiffness in the electromagnet energgords, folNg=10, 20, and 40.
well as the battery discharges. We have at the present time spent little effort optimizing the
code for speed. Nevertheless, the current implementation can be
. . > used for many real-time on-line applications. The reference model
ing a wave form generator, a forcing frequen6y3 H2 and suit-  , eharation(essentiallyk-d tree partitioning took about 36 sec-
able forcing amplitude were selected to ensure that the syst8iys on a pentium Iil 600 MHz laptop system using Matlab 6,
exhibited chaotic behavior during at least the beginning of the 4 e calculation of eaah, took about 2 seconds. Simply com-
experiment. The data collection was started with a fresh 9 V b fling the code in C or Fortran would significantly speed up the

tery and continued for just under seven hours until complete disq,cess and further optimizations are possible and will be taken
charge of the battery. Strain gauge and electromagnet voltage h future efforts

was collected with a 100 Hz sampling frequency, and a total 0
2.5x 10° data points were recorded over the course of the entire4.2 Discussion of the Results. A plot of raw (unscaled
experiment. The uniformity of power spectra taken during theesults showing the local mean reference model prediction error,
experiment(see Fig. 3, left shows that the system was in factes, versus the local mean of the battery voltage, is shown in Fig.
nominally chaotic throughout most of the experiment, and that tHe(left). Local means correspond to moving averages dVgr
basic characteristics of the chaotic motions did not appear to un10 consecutiveM-point data records. Black dots shay, and
dergo any drastic changes. However, the situation was not quitetlas gray background represents one standard deviation. The

4.1 Tracking the Discharge of a “Hidden” Battery.  Us-

Strain Gauge Signal (V)

Power Spectrum Magnitude {dB)

39 3925 395 3975 4 4025 405 4075 4.1
Time (hours})

Fig. 3 Power spectra taken throughout the experiment (left). Passages through periodic windows occurring
during the experimental run  (right ). See text for further discussion.
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Fig. 4 Experimental tracking results:  (left) plot of unscaled tracking metric  eg vs. the battery voltage; (right )
scaled battery voltage vs. time. In both figures, black dots show the moving average of tracking metric over

ten data records, and the gray background represents +one standard deviation of the mean. In the right

figure, the dark gray gives the outline of the actual (unaveraged ) battery voltage, and the solid gray line is the
corresponding local average in one data record.

subplot in the top right corner in the left plot of Fig. 4 shows thand error and with due regard to the requirements of a given
mean error of a polynomial fit tes as a function of the battery application. However, it is clear from the figures that the selection
voltage, versus the corresponding order of the fit. The subplot the moving average affects only the local fluctuations in, and
demonstrates that the inclusion of higher order terms does mmit the general qualitative features of, the tracking metric.
significantly improve the fit. Therefore, a strong linear relation- As explained in Section 3.2, the moving averagés needed to
ship is evident between the tracking metric and the battery voltagempensate for fluctuations in the tracking metric caused by
(the gray line shows a linear fit to the dat@ihus, the open circuit changes, from record to record, in the population of initial condi-
battery voltage is linearly related &;, as suggested by E¢5).  tions used to compute the tracking function. In gendxal,must

In Fig. 4 (right), the tracking metric is plotted, scaled using thée selected large enough so that these sample-induced fluctuations
linear fit from Fig. 4 (left). In other words, the linear fit tes are minimized, but small enough to allow actual changeé ito
provides the affine transformation E&), as discussed in Sectionbe usefully tracked. In nonlinear systems, such fluctuations can be
2. In the figure, the scaled drift trackeg (black dot$ is plotted  significant since, during the course of any experiment, the system
over the measured battery voltag@ark gray lines The large may pass through many bifurcations causing the population of
oscillation in the measured battery voltage is caused by indymeints available to calculate, in any record to change signifi-
tance changes as the vibrating beam passes over the top of daetly.
electromagnet. However, the local avergéigecach data recojaf It must be emphasized, however, that these particular fluctua-
the measured battery volta¢eolid thick gray ling corresponds to tions (and hence the need for the local averagesnot the result
the open circuit battery voltage and is the true hidden state. of changes in the local maps or model inaccuracies: as discussed

From Fig. 4, we can clearly see that the variation in the metrin Section 3, the short time prediction error is theoreticailsen-
is certainly due to the change in the drifting variable, and is not aitive to passages through bifurcations, which is why we have
artifact of our calculation. Thus, we have experimentally conised it as the basis for the tracking algorithm. The benefits of this
structed a mapping between the tracking metric based on the characteristic of the method are demonstrated in more detail in the
constructed fast state variablesing the fast-time strain signal next section.
and the drifting hidden state variab({the battery staje Specifi-

cally, a one-to-one mappingn fact, in this case, dinear map- 4.3 Comparison to Methods Based on Asymptotic Invari-
ping) exists between the tracking function and local time averagmts. It is worth comparing the results using the methods of this
of the drifting variable(local mean battery voltage paper with approaches that attempt to monitor damage using the

Note thates's tracking performance is relatively poor at theasymptotic invariants of a chaotic attractor. For example, in Gol-
initial stage (i.e., for relatively small net drift corresponding tonaraghi et al.[31], estimates of the correlation dimension and
relatively small initial changes in the battery voltag&his is Lyapunov exponents are used to detect changes in the “chaotic
caused by the unavoidable imperfections in the reference modsifjnature” of the vibration signal from a damaged gearbox. They
As discussed in Section 3.2 and illustrated by Fig. 1, one cann@ére able to observe variations in the Lyapunov exponents and
clearly distinguish changes in the slow subsystem state variallgrrelation dimension after a crack was filed in a gear. Other
that are smaller than the inherent modeling erfg. (12c)). applications of correlation dimension to damage monitoring are
Therefore, the tracker is expected to have an initial “settling inflescribed in[32—34 for systems with clearance, gearbox, and
period close to the initialreference value of the slow subsystem rolling element condition monitoring, respectively.
state variable. To investigate how long-time asymptotic quantities compare

In Fig. 5, the effect of varying the number of consecutivevith the tracking results using our algorithm, we have calculated
records used to calculate the moving averagés shown. Note the correlation dimensiond() and largest short time Lyapunov
that the time needed to acquire data for dhe=2%2 point record exponent ;) using the same strain gauge data as for eyr
is about 41 seconds at 100 Hz. Thidg= 10, 20, and 40 equates calculation. Bothd. and\ ; were obtained using the algorithm of
to a moving average over about 2, 4, and 8 percent, respectivéB5]. Figure 6 depicts the results of these calculations, with circles
of the total time of the experiment. An automatic, objective criteshowing the record mean values.
rion for selecting the best value df; to use in the moving aver-  While it is clear that such asymptotic invariants can be used to
age is not currently available, and the user must proceed by trildtectchangesn a system caused by damage, it is also clear that
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Fig. 5 Additional tracking results showing the effect of changing Ng, the number of consecutive records

used for the moving average eg: (left) Ng=20; (right ) Nx=40. Plot details are the same as in Fig. 4. As can be
seen by comparison with Fig. 4, the different values of Np, affect only the local fluctuations of the tracking, not
the general trend.

they are unsuitable for actual damagecking since they do not fast system. Given its abstract dynamical systems formulation, the
vary monotonically with the hidden variable. This is a consemethod is independent of the damage physics in any given prob-

quence of the fact that the asymptotic invariants do not vamm, and is therefore applicable to a variety of systems with suit-
smoothly with system parameters as the system passes throggfa time scale separation.

‘éagc’ltﬁ bifurcattiotns during the EXperimglntst. Fc(er ;exa;mtﬁle, In Fig. after describing the method, it was successfully applied to the
oth asymptotic measures were able to detect the passa . thod,
through periodic windows at about 5.5 V when the correlatio‘goeoIem of tracking the discharge, over about seven hours, of a

dimension approaches one and the largest Lyapunov expongHlfiden” battery in a nonlinear oscillator using only strain gauge
tends to zero, however, neither statistic can be used to establisf{ation data sampled at 100 Hz. The connection between the
one-to-one mapping with the battery voltage. tracking metric and the battery voltage was demonstrated explic-
In contrast, the average short time reference model predictiitly by independently measuring and recording the battery termi-
error (tracking metrig e is not sensitive to bifurcationgnd con- nal voltage. It was shown that for small changes in the battery-
tinues to monotonically track the hidden variable even when tipwwered restoring forcésix percent total change in stiffngghe
system is repeatedly switching between chaotic and periodic lisacking metric was in a linear, one-to-one relationship with the
haviors. Even though the initially chaotic state of the system wasifting variable, as suggested by the theory. In contrast,
used for the reference model, it performs well even as the systasymptotic attractor invarian{specifically, the largest Lyupanov
passes through periodic windows, as seen in Figs. 4 and 5. exponent and the correlation dimensiavere shown to vary in a
nonsmooth fashion with the hidden variable, and therefore are not
5 Conclusions suitable for tracking.
In the next part of this paper, a physics-based mathematical
odel of the experimental system is derived. Numerical experi-
Ents are then used to validate the method, and provide additional
n%f%ight into its physical meaning.

Motivated by the need to track slowly evolving hidden dama
in machinery, in this paper we have presented a new methodgm
tracking hidden processes responsible for nonstationarity in
observed system. A tracking metric for the hidden variable is co
puted from the short time prediction error of a reference model,

and is constructed using only directly observable data from tiecknowledgments
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