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A Dynamical Systems Approach
to Damage Evolution Tracking,
Part 2: Model-Based Validation
and Physical Interpretation
In this paper, the hidden variable damage tracking method developed in Part 1 is
lyzed using a physics-based mathematical model of the experimental system: a me
cal oscillator with a nonstationary two-well potential. Numerical experiments condu
using the model are in good agreement with the experimental study presented in P
and explicitly show how the tracking metric is related to the slow hidden variable ev
tion responsible for drift in the fast system parameters. Using the idea of averaging
slow flow equation governing the hidden variable evolution is obtained. It is shown
the solution to the slow flow equation corresponds to the hidden variable trajec
obtained with the experimental tracking method. Thus we establish in principle the
tionship of our algorithm to any underlying physical process. Based on this result
discuss the application of the tracking method to systems with evolving material da
using the results of some preliminary experiments.@DOI: 10.1115/1.1456907#
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1 Introduction

In Part 1 of this paper, motivated by the need to track dam
evolution in machinery, we have developed a nonlinear met
for tracking slowly evolving hidden variables. From this perspe
tive, damage is a hidden process causing nonstationarity in a
directly observable dynamical system. The method uses a p
space formulation of the damage tracking problem, and use
tracking metricdeveloped using the short-time reference mo
prediction error. The method was successfully applied to an e
tromechanical experimental system consisting of a vibrating be
with a nonlinear potential perturbed by a battery powered elec
magnet. The connection between the tracking metric develope
Part 1 and the hidden drift state variable was demonstrated
pirically. It was shown that, as expected from the theoretical d
vation of the method, the tracking metric is in a one-to-one re
tionship with the local time average of the measured volta
signal.

In this, Part 2, of our paper, a physics based mathema
model of the experimental system is used to study analytically
direct connection between the tracking metric and the hidden
process. Numerical experiments performed with the model
used to validate the experimental method. The idea of averagin
then used to show that the output of the tracking method is in
following the solution to the slow flow equation for the driftin
process. This provides a physical interpretation for the outpu
the tracking algorithm, and shows how, in principle, the expe
mental method can be related to the physics of the damage
cess. Based on this physical interpretation, we return to the
perimental application of the tracking method, and discuss so
preliminary results for a system with a crack growing to failur

In the next section, we develop the mathematical model of
battery discharge experiment using a lumped parameter, Lagr
ian formulation of the electromechanical system. In Section 3,
tracking method developed in Part 1 is applied to the mathem
cal model in numerical experiments. Using the output from n
merical simulations of the mathematical model, we are able
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validate the tracking algorithm. In Section 4, we discuss
method of averaging as it relates to our problem. Finally, in S
tion 5, we finish with concluding remarks.

2 Model Derivation
In this section we develop a physics-based mathematical m

of the experimental system in order to validate and physica
interpret the experimental results of Part 1. We emphasize that
purpose here isnot to carry out exact system identification on th
experimental system: rather, we aim to derive a model that p
sesses the essential features of the experimental system nece
to test the tracking method, and to demonstrate certain key th
retical ideas. In any case, the main simplifying assumptions u
in constructing the model, together with the motives behind the
are specified in what follows.

It is well known that the vibrating beam system that is the ba
of our experiment can be modeled with reasonable accuracy
single degree of freedom Duffing oscillator with a two well p
tential @1#, especially in the constrained form employed here@2#.
Such dimensionality claims result from application of delay e
bedding theory@3,4#, as well as from direct comparison of attra
tors from proposed low dimensional models. The situation is
different here: in the experimental study of Part 1, for the ref
ence data set, the estimated average pointwise dimension
found to bedp52.82, and the minimum required embedding d
mension was found independently to bede55. These results are
consistent with a driven single degree of freedom oscillator, wh
has a phase space dimension of 3. Furthermore, as shown in
tion 4.3 of Part 1, the correlation dimension estimates compu
over intermediate time scales throughout the experiment w
found to all be less than 3.

Even though these can not be said to be true ‘‘attractor’’ dim
sions~due to the nonstationarity of the system!, these results sug
gest that it is reasonable to look for a single, one degree of f
dom model of the mechanical system, valid throughout the ra
of the experiment, in which the potential energy is slowly driftin
The experimental system can be viewed as consisting of a
chanical subsystem~shown schematically in Fig. 1! coupled with
an electromagnetic subsystem~see Fig. 2!. This coupling has the
following effects: as the battery discharges, the decrease of s
ness in the potential well of the electromagnet lowers the nat

ion
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frequency of small oscillations in that well by a few perce
~about 6 percent in the experiment!; meanwhile, the beam motion
parametrically excite the electromagnetic subsystem.

A lumped parameter model for the experimental system can
developed using Lagrange’s equations. For simplicity, we neg
the effects of gravity; this introduces only a small nonlinear er
term because the first-order effect of gravity can be incorpora
into the torsion spring constantk in Fig. 1. In addition, we ignore
energy losses due to eddy currents in the beam, assuming th
losses can be modeled using just a torsional damping coefficiec
and circuit resistances.

Recently@5#, it has been shown that the potential of the expe
mental system is not just a quartic two-well potential. However
the interest of simplicity, and because it is entirely adequate
our purposes, here we employ a standard Duffing potential~P! of
the form

P~u!5b4u41b3u31b2u21b1u1b0 . (1)

The model for the electromagnetic subsystem is shown s
matically in Fig. 2, where:F(et) (e!1) is the slowly drifting
battery open circuit voltage, taken to be its internal state;Ri is the
internal resistance of the battery;Re is the external resistance o
the circuit; andL is the inductance of the electromagnet.

The inductanceL is a function of the position of the beam.
simple model@6# that is adequate for our purposes is given by

L~u!5
L0

11k~u2l!2 , (2)

where,L0 , k, andl are positive constants.
Using a charge formulation@6# for the electromagnetic sub

system, the Lagrangian for the complete system can be expre
as

L5
1
2 m~ ż1 l u̇ !21

1
2 L~u!q̇22

1
2 ku22P~u!, (3)

Fig. 1 Geometry of the mechanical subsystem: „ left … single
degree-of-freedom model of the constrained beam; „right …
magnetic restoring force at beam tip

Fig. 2 Schematic diagram of the electromagnetic subsystem.
The slowly decreasing open circuit battery voltage is F„et …,
whereas the terminal voltage, which can be directly measured,
is V.
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where,m is the ~effective! end mass,z(t) is the imposed base
excitation, andq is the net charge that has flowed out of th
battery up to the instant of interest. The overdot denotes differ
tiation with respect to time.

The virtual work associated with nonconservative generali
forces~mechanical damping, electrical resistance and battery v
age! is

dW52cu̇du1~F2Rq̇!dq, (4)

whereR5Ri1Re is the total resistance of the circuit. Using Eq
~3-4!, Lagrange’s equations yield:

ml2ü1cu̇1ku1
]P

]u
2

1

2

]L

]u
q̇252mlz̈, (5a)

Lq̈1S ]L

]u
u̇1RD q̇5F. (5b)

We assume for simplicity thatP is symmetric, i.e.b35b150 in
Eq. ~1!. The forceQ at the beam tip is then given by a cub
polynomial

]P

]u
52Q5a3u32a1u, (6)

where,a354b4 anda1522b2 are positive constants. In Eq.~2!
we usel5Aa1 /a3 so thatL5L0 when the tip of the beam is
directly above the electromagnet.

We set2mlz̈5F cosvt and define the new parameters

vn
25

k

ml2
, m5

c

ml2vn
, a i5

ai

k
~ i 51,3!,

f 5
F

k
, V5

v

vn
, and r 5

R

L0vn
. (7)

Then, rescaling time and defining dimensionless battery volt
and current variables by

t̄ 5vnt, f5Aml2

L0

F

k
and c5A L0

ml2
dq

d t̄
, (8)

Equation~5! can be written~after dropping the overbar fromt̄ ! in
dimensionless form as:

ü1mu̇1~12a1!u1a3u31
k~u2l!

~11k~u2l!2!2 c25 f cosVt,

(9a)

1

11k~u2l!2 ċ1F 2k~l2u!u̇

~11k~u2l!2!2 1r Gc5f, (9b)

where the overdot now indicates differentiation with respect to
rescaled time as defined by Eqs.~7-8!.

The time evolution of the battery voltage is governed by
electrochemical process that we do not explicitly model. Inste
given the experimental battery voltage evolution trends typica
seen in the experiments~see Fig. 4 in Part 1 of this paper! we
simply use the following voltage evolution law

ḟ52ec~11g~f2h!2!, (10)

where g and h are positive constants, and the rate constane
satisfies 0,e!1.

The battery model of Eq.~10! is a simple rate law capable o
matching the qualitative characteristics of the battery discha
curves observed experimentally. It incorporates a linear dep
dence of the battery voltage drift rate on the currentc in the
circuit, which we expect to be reasonably accurate under the c
ditions seen in the experiments, since the external resistorRe was
chosen so that the current out of the battery was always posi
Previous experimental results, as well as the results of other
APRIL 2002, Vol. 124 Õ 259
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Fig. 3 Typical plots of numerically computed theoretical tracking functions, eÄiek i , versus f. Each figure
is computed for a different randomly chosen initial condition. Curves are plotted for different prediction
times, t pÄmt s , with m ranging from 1 to 10.
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searchers~see, for example, battery discharge curves in@7#!, show
that the battery voltage drops rapidly to the operating range
remains there for an extended period, slowly decreasing be
another rapid drop to near zero voltage at the end of the batte
life. For constantc, the shape off(t) corresponds to the
arctan@Ag(f2h)# function: this gives a similar trend to the on
observed experimentally whenh is equal to the mean value of th
battery voltage in the operating range.

Equations~9-10! give a complete description of our system
Note that, in terms of the general hierarchical system descrip
of Eqs. ~1! in Part 1 of this paper,u, u̇ and c are the fast state
variables~i.e.,x5(u,u̇,c)PR3!, and the open circuit battery volt
agef is the hidden, slowly drifting variable (f5fPR).

For the analysis presented later, it is convenient to simplify
system further by making the following additional approximatio
If we assume that the variable inductance coefficientk in Eq. ~2!
is small (k!1), and thatr 5O(1) with respect tok, then the
current equation Eq.~9b! becomes

ċ5f2rc1O~k!. (11)

The dimensionless parameterr can be interpreted as the ratio o
the relaxation time scale for the electromagnetic subsys
(L0 /R) to the natural oscillation period of the mechanical su
system, (}1/vn). In the experimental system, these two tim
scales were comparable, so it is reasonable to approximatec by
its ‘‘quasi-steady state’’ value

c'
f

r
, (12)

in the mechanical subsystem Eq.~9a! and battery evolution equa
tion Eq.~10!, since after only a few oscillations of the mechanic
subsystem it will reach this value. This gives thereducedsystem

ü1mu̇1~12a1!u1a3u31
k~u2l!

~11k~u2l!2!2 S f

r D 2

5 f cosVt,

(13a)

ḟ52e
f

r
~11g~f2h!2!, (13b)

with ~referring once again to Eq.~1! in Part 1 of this paper!
fast-time state variablex5(u,u̇)PR2, and slow-time variablef
5fPR.

Using Eqs.~9!, the theoretical tracking functionek , Eq. ~14! in
Part 1, can be computed numerically starting from any particu
initial point (u0 ,u̇0 ,c0) in the phase space of the fast subsyste
Starting from any randomly picked initial point in the pha
ol. 124, APRIL 2002
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space, the state of the system at some later timetp5mts , (m
51,2, . . .,10) was calculated for different starting values off.
The results of two such calculations are shown in Fig. 3~for the
simulation, we used parameters given in the following sectio!.
The typical plots in the figure show, as expected, thatek5ieki is
a smooth function off. However, also as expected from the th
oretical discussion of Part 1, while all curves have the same fu
tional form, thescaling of each depends onx05(u0 ,u̇0): these
changes in scaling correspond to changes in the coefficients o
mapping~Eq. ~5! of Part 1! that relates the tracking function to th
hidden variable.

Note that in this case all of the theoretical tracking curves
quadratic inf ~see Fig. 3!. Thus, the tracking function is linearly
related to thesquareof the battery voltage variable. This is
consequence of the physics included in our model: in Eqs.~13!, f
enters into the fast subsystem via an inductive coupling term,
hence only asf2. Thereforem(f)5m(f2)5kf2/r , and hence
the Taylor expansion Eq.~4! in Part 1, should be in terms off2,
not justf.

Since our primary interest is in testing the performance of
tracking algorithm, this particular deviation from the experime
does not present any difficulties. Indeed, the fact that the track
method still works, as shown in the next section, demonstrate
important additional feature of the theory outlined in Part 1: ev
when linear observability fails, higher order observability is s
possible~in this case, quadratic!. When calibration data is avail
able, the nature of the observability will typically be evident ju
from statistical analysis of the tracking output, as discussed be

3 Simulation of the Model
We now describe numerical simulations of the complete sys

of Eqs. ~9-10!, which were carried out to investigate the perfo
mance of the tracking technique. The equations were integr
numerically with a standard 4th-order variable-step-size Runge
Kutta algorithm. The parameters for the model were not explic
identified from experiments; however, they were selected to ma
the properties of the experimental system in key ways, as we
describe.

In choosing the parameters, we made sure that the change i
natural frequency of small oscillations in the potential well wi
the electromagnet was 6 percent~as was the case with the exper
mental system!. The ratio of the forcing frequency and the sy
tem’s first natural frequency was the same as for the experime
system. The effective massm50.4 kg, and lengthl 50.128 m,
Transactions of the ASME



l
w

f

t

auge

e
ere

di-
for

ords
s
en-

g
tery
er

ack-
an
he

ly-
in
ly
fit,
ded

e
rift-

me
the
r in
the
r

mall

e

s
a
t

were obtained directly form the experiment. A fourth order po
nomial fit to a histogram of the experimental reference data
used to estimatea152.6558 anda350.8805.

By linearizing Eqs. ~9-10! about the stable equilibria (u
56A(a121)/a3) for F50, expressions for the frequency o
small oscillations were obtained, and used to estimate the e
tive stiffnessk using Eqs.~7!: since the frequency forF50 in the
electromagnet’s well was 8.56 Hz, one can estimatek50.145 us-
ing m, l, anda1 . Similarly, for F59, the natural frequency in the
electromagnet’s well was 8.83 Hz. Using this information o
finds k50.07 after arbitrarily settingr 58.

Other parameters used in the simulations were:V51.7608, f
51, h510.539,g51 ande55.531026. The forcing amplitude
was selected to ensure that the system was nominally chao*
throughout most~if not all! of the parameter range~see the power
spectra in Fig. 4!. Using the above parameters, one hasf
51.7565F, and the observed fast-time dynamics of the simula

*No tests for chaos were performed for these numerical experiments, sinc
existence or nonexistence of chaos is not particularly relevant to the task at han
discussed in Part 1. In any case, given the nonstationarity of the Duffing subsy
the system canat mostbe treated as only nominally chaotic, as indicated by bro
band power spectra, positivefinite timeLyapunov exponents, etc., over intermedia
time scales.

Fig. 4 Power spectra showing that the system is predomi-
nantly chaotic throughout the simulated experiment. 25 spectra
are shown, each using 100,000 data points „Time is in units of
100,000Õt s…. Note the strong periodic window occurring during
the 14th power spectrum calculation.
Journal of Vibration and Acoustics
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u were found to have qualitatively similar trajectories in the (u,u̇)
phase space to those observed with experimental strain-g
time series.

The simulation used the complete system of Eqs.~9!–~10!:
2.53106 points were collected with a sampling time ofts50.2. At
the end of the simulation,f reached a near-zero value. Averag
mutual information and false nearest neighbors algorithms w
used to select a delayt54 sample steps, and an embedding
mensiond55 ~which, we remark, is the same as was obtained
the experimental data!. After waiting an initial period to allow
transients to die off, the first 215 data points of the scalaru data set
were used for the reference model.

For the tracking metrice4 ~see Eq.~14! in Part 1!, the entire
reconstructed data set was divided into consecutive data rec
of size 212 points each~i.e., M5212!, and 16 nearest neighbor
were used for the reference model. The average pointwise dim
sion of the reference data set, used to computee4 , was dp
52.87. Figure 5~left! plots the moving average of the trackin
metric,ē4 , versus the square of the moving average of the bat
voltage, i.e.,f̄2. In the figure, moving averages were done ov
NR510 consecutive data records. The figure shows that the tr
ing metric computed by the algorithm is well described by
affine transformation off̄2. Thus, we have demonstrated that t
tracking algorithm recovers~to within an affine transformation!
the theoretical tracking curves as shown in Fig. 3.

The accuracy of this fit~the solid gray line in Fig. 5, left! to the
tracking output was further tested by calculating the mean po
nomial fit errors for different fit orders. The top right sub-plot
Fig. 5 ~left! shows that the error for the fit is not significant
reduced by using higher-order polynomials. Using the linear
the tracking metric was calibrated so that its range correspon
to the actual range spanned byf. After scaling, the tracking met-
ric and the corresponding value off̄ were plotted on the same
graph ~see Fig. 5, right!. From this figure it is apparent that th
observer provides a very good estimate of the change in the d
ing variable.

Both Fig. 5~left!, in the bottom right corner, and Fig. 5~right!,
in the top left corner, show that the tracking metric has so
initial bias. As in the experiments, this is due to the fact that
local linear models are imperfect, and there is some initial erro
prediction even for the reference data set. This initial error for
model data was on the order of 1023, whereas the same error fo
the actual experimental data was 1022. This order of magnitude
difference in reference model accuracy accounts for the very s

the
d, as
tem,
d-
e

Fig. 5 Tracking results from numerical simulations: „ left … Plot of ē4 versus f̄2. Solid gray line shows a
linear fit to the data. Top right corner sub-plot shows the mean fit error versus order of the fit. „right … Plot of
the battery voltage f̄ „solid gray line … vs. time, overlayed with the tracking metric ē4 „black dots …. For both
plots, ten consecutive data records of size 2 12 were used to calculate ē4 and its statistical fluctuation „gray
background shows Á one standard deviation from the sample mean ….
APRIL 2002, Vol. 124 Õ 261
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Fig. 6 Additional tracking results showing the effect of increasing the number of consecutive records NR

used for ẽ4 : „ left … NRÄ20: „right … NRÄ40. See Fig. 5 for plot details. As in the experimental results, the
different values of NR affect only the local fluctuations of the tracking, not the general trend. See text for
additional discussion.
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variance in the observer estimate for the simulations as comp
to the experiments. On the other hand, the large variance a
end of the simulation is due to the square root scaling of
observer output with respect tof, as discussed at the end o
Section 2.

Recall from Part 1 that the moving averageēk is carried out to
compensate for fluctuations in the tracking metric caused
changes in the population of initial conditions used to compute
tracking functionek . These fluctuations are caused by bifurc
tions that occur in the fast system as the slowly drifting varia
evolves. In the numerical experiments, a rather strong examp
such a fluctuation is visible near a time equal to about 2.73105

samples, where a clear periodic window was encountered~refer
once again to Figs. 4 and 5!. This periodic window is responsible
for the small local dip inē4 for NR510, a dip which can be
largely eliminated by increasingNR , as shown in Fig. 6. As in the
laboratory experiments, the general trend of the tracking me
follows the local mean of the battery voltage quite well for
values ofNR . Increased values ofNR serve to stabilize somewha
the population of initial conditions used to computee4 , and thus
smooth the tracker output.

4 Averaging of the Model Equations, and Comparison
With Tracking

In this section, we demonstrate that the experimental track
procedure developed in Part 1 is, in some sense, an experim
realization of the perturbation method of averaging. In particu
we show that the tracking metric follows the solutions to theslow
flow equation governing the evolution off.

Recall the general form of the system with evolving dama
Eqs.~1! of Part 1:

ẋ5f~x,m~f!,t !, (14a)

ḟ5eg~x,f,t !. (14b)

The relationship between what are typically considered to be d
age evolution laws in the literature, and slow flow equations
coupled systems of the form of Eqs.~14! has been proposed i
@8#: the discussion of averaging given below follows closely t
treatment therein.

The method of averaging is a well known approximate anal
cal method@9#, that can, under certain circumstances, be app
to systems of the above form. However, a key requirement
application of the analytical method is that an explicit solution
the unperturbed (e50) system be available. In our context, we d
not assume that such a solution is available: indeed, for our
ol. 124, APRIL 2002
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periments thee50 reference system ischaotic, and thus an un-
perturbed analytical solution does not exist. Nevertheless, the
cept of averaging can still be used, not as an analytical techni
but as a physical principle valid for systems in the form of Eq
~14! with sufficient time scale separation~i.e., for which e, and
hence the damage growth rate, is sufficiently small!. Thus, as
employed here, our use of the idea of averaging cannot be sa
be rigorous and analytical, but is rather heuristic and numeric

Another key distinction between the discussion of averag
presented here and the classical perturbation method is that w
only really concerned about its effect on the hidden variable t
we are trying to track, namely,f. The averaged equations for th
fast variable,x, do not concern us.

To proceed, we consider the system of Eqs.~14!, but with scalar
quantitiesg[g, m[m, andf[f, as in the case studied here. L
X0(x0 ,m(f0),t) be the solution to the unperturbed Eq.~14a! with
e50, f5f0 , and initial conditionsx(t0)5x0 . We insertX0 into
the right hand side of Eq.~14b!, and define

ḡª lim
T→`

1

T E
t0

t01T

g~X0~x0 ,f,t !,m~f!,t !dt, (15)

wheref0 in X0 has been replaced by the slowly drifting quanti
f, which is nevertheless treated as a constant in the integral.
assume thatX0 , the solution to the unperturbed or nondriftin
fast-time equation, has transients which decay rapidly, and c
verges to some well-defined steady-state behavior. Under this
sumption, the integral above is independent oft0 and x0 , and ḡ
depends only onf. We write,

ḟ5eḡ~f!. (16)

The solutions to the averaged Eq.~16! approximate the evolution
of f wherever the assumptions aboutX0 are correct. Our goal is
to compare the predictions of this slow flow equation obtain
from the model of Eqs.~13! with the true evolution off obtained
from numerical simulations. Note that the definition of theḡ, in
Eq. ~15!, can be implemented numerically even when analyti
results are not available. Furthermore, the limit asT→` in prac-
tice is replaced by some fixed sufficiently largeT corresponding to
the intermediate time scale over which the fast time data is
lected. More precisely,T corresponds to the time over which th
NR consecutive records used in each moving averageēk are col-
lected.

The fact is, however, that in this case~by design!, we can do a
little better, and an approximate analytical solution to the avera
system can be obtained. Sincek50.07 andr 58 in the simula-
tions, as previously discussed, the complete system of equa
Transactions of the ASME
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Fig. 7 Solutions to the slow flow equation: „ left … Comparison of the slow flow solution Eq. „18…, dashed line,
to actual moving average f̄, solid line, of the slow variable drift computed with the exact Eqs. „9…, „10…;
„right … For comparison with the experiments, the unaveraged time series of the terminal voltage V „see
Fig. 2 … is plotted in light gray together with the slow flow solution. See text for additional details.
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~9!–~10! is well approximated by the reduced system of Eqs.~13!.
Under the quasi-steady-state assumption onc used to derive Eqs
~13!, we find that explicit calculation of the averaged vector fie
is not needed since Eq.~13b! is already in the form of the slow
flow equation:

ḡ[2
f

r
~11g~f2h!2!, (17)

which, from Eq.~16!, gives:

lnF f

A11g~f2h!2G1hAg arctan~Ag~f2h!!

5~11gh2!~2et/r 1K !. (18)

In the above solution, the constantK is determined by the initial
conditionf(0)5f0 . For our set of parametersK50.1337. Fig-
ure 7~left! shows the comparison between the solution of the s
flow equation with the value off obtained from numerical solu
tions to the exact system. The match is good toO(k), as ex-
pected. For direct comparison with the experiments of Part 1,
7 ~right! shows the solution to the slow flow equation plott
together with the unaveraged time series of the terminal volta
V, corresponding the the experimentally measured electrical v
able.V can be obtained from a simple circuit analysis of Fig.
which givesV5F2Riq̇. After using the scalings of Eqs.~7! and
~8!, this can be rewritten asV5F2RiAk/L0c. Thus, the simula-
tion results forc andF can be used to plotV. The solution to the
slow flow equation can then be plotted on the same scale using
relation Eq.~12!.

By comparing Fig. 5 with Fig. 7, it is clear that the trackin
metric follows the solution to the slow flow equation. That th
should be true in general is not surprising, since the tracking m
ric is actually constructed from locally time averaged quantit
~i.e., from moving averages across a few consecutive d
records!. In this case, it is possible to do this direct comparis
between the tracking output and the slow flow solutions beca
the modeling strategy that was adopted made the analysis
table. However, one should not expect to be able to perform
similar analysis for arbitrary systems: in many cases, the form
the evolution law for the hidden variable is unknown; and eve
it is known, carrying out the averaging for arbitrary referen
signals is in general not a trivial matter.

The important point here is that we have demonstratedin prin-
ciple how the tracking metric computed from the short-time r
erence model prediction error can be related to the underly
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damage~or drift! physics. This means that when physics bas
damage modelsare available, they can be tested using the dama
tracking algorithm presented here. Furthermore, we would ar
on practical grounds that for trueprognostics, tracking the slow
flow damage dynamics is precisely what is needed to obtain us
predictions of remaining useful life of a machine or compone
one is then not so much concerned with short term fluctuatio
but with the general trend.

5 A System with Material Damage: Preliminary Re-
sults

After the general derivation of the tracking algorithm in Part
we have focused on a system in which ‘‘damage’’ is interpreted
terms of a hidden power source which fails over time. Using t
electromechanical system, we have established the basic pr
ties of the tracking metric and shown how it can in principle
related to the underlying physics of the damage process.

We now turn to briefly discuss the case of a system with evo
ing material damage. In particular, we examine a version of
two-well oscillator experiment in which a crack is allowed
grow to failure. To perform the experiment, the same two-w
oscillator system described in Part 1 was used, except withou
electromagnetic perturbation to its potential energy. Instead
small notch was filed at the clamped end of the beam, and
system was started and then run to the point of complete frac
of the beam. In this case, a first principles model of the hidd
variable is not so easy to obtain, and in the current experime
setup an independent measurement of the crack growth was
available.

Except as noted in what follows, the experimental parame
for this trial were identical to the experiment of Part 1. Aga
only strain gauge data was collected. The first 215 data points were
used for the reference data set, and 16 nearest neighbors
used for the local linear model parameter estimation. The de
time t and embedding dimensiond in were both estimated to be 5
The pointwise fractal dimension for the reference data set
found to bedp52.7. The tracking metrice5 was estimated using
212 point length consecutive data records.

Figure 8 shows the results of the tracking calculation for
system. Black dots in the figure indicate 10 data record averag
e5 , while the gray background depicts6 one standard devia
tion. Complete failure of the beam occurred at 2.5 hours. Up u
that point, the tracking output shows a relatively smooth, mo
tonic increase.
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It is worth pausing to consider the meaning of this result. T
actual time history of the strain signal, as in the previous exp
ment, is complex, containing passages from nominally chaoti
nominally periodic responses and back again. Thus, the ac
load history at the crack is anything but periodic. Yet, the res
clearly shows a simple power-law like behavior. Based on
results in the previous sections, we interpret this as~to within
some affine transformation! the solution to the slow flow dynam
ics of the actual damage rate law: it is precisely the local ave
ing in the tracking algorithm, combined with the finite time pr
diction error used to generate the tracking metric, that result
the relatively smooth tracking output, even for a complex lo
history. This suggests that the tracking algorithm discussed
can be used to generate data useful for theconstructionof damage
evolution rate laws. This is the subject of our current resea
efforts.

6 Conclusions
In this two part paper, we have presented a new, phase-sp

based algorithm capable of tracking the evolution of hidden da
age or damage-like variables. The method uses only readily a
able ‘‘fast time’’ data from the directly-observable system. It us
average short-time reference model prediction error to obta
tracking metric. This approach was successfully applied exp
mentally in Part 1. In Part 2, a physics-based model of the exp
ment was developed and used in numerical experiments to
date the algorithm.

Fig. 8 Damage tracking results for the two well oscillator ex-
periment with a crack growing to failure „see text for details ….
Black dots represent the tracking metric ē5 , computed from
NRÄ10 consecutive data records, plotted as a function of time.
Light gray outline is drawn at Á one standard deviation of the
local mean.
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We have also shown how the tracking output can, in princip
be related to the underlying physics of the problem. In general,
analytical treatment of drift in systems such as those studied
will involve averaging of the underlying system equations: thou
the system studied here permits a simpler analytical treatmen
still demonstrates the main idea that the tracking metric gener
by the algorithm approximates the solutions to the hidden v
able’s slow flow equation. The explicit connection made in th
Part 2 of our paper between hidden variable drift and the d
observable gives us assurance that, in other situations where a
principles model is not available, the observable generated by
tracking algorithm can still be used with confidence and int
preted in a meaningful way.

To demonstrate the applicability to systems with material da
age, some preliminary results for a system with a crack growin
failure were presented. It was found that the tracking metric p
vided a smooth observable that monotonically increased to
point of complete failure of the beam.

In the work presented here, we have applied our method in
simplest situation, namely that in which the forcing, load a
environmental conditions are stationary. As with all oth
diagnostic/prognostic procedures, it is necessary to control~or ac-
count for! changes in the system caused by these factors in o
successfully interpret the tracker output in terms of the dam
state. In future work we will address the issues of damage track
in changing operational/environmental conditions.
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